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Abstract-A newly introduced transform, the differential transform. is an integral-free transform grouped 
with integral transforms and well suited for solving some classical boundary value problems. The objectwe 
of this article is to expose a new feature of the method of the differential transform by applying it to an 
electrostatics Image problem. The problem considered is classical, already having been used by several 
authors to demonstrate the application of various methods. 
I, INTRODUCTION 
Solutions to some linear source-boundary value problems of interest in physics are obtained 
using the method of superposition. A source, i.e. a singular solution to a given linear partial 
differential equation in an unbounded space, is given in a bounded medium. The method of 
superposition involves the setting up of a distribution of source images such that the superposition 
of the source with the images 
(a) satisifies the given linear differential equation 
(b) satisfies boundary conditions on the boundary of the medium and 
(c) introduces no new singularities into the medium under consideration. 
An example that one may have in mind is the case of a point charge near an infinite 
conducting plate. The point charge, represented by a singular solution of Laplace’s equation in 
an unbounded space, is superimposed on an image point charge so as to satisfy a boundary 
condition on the conducting plate. 
Evidently geometry plays a major role in the determination of the source images (see 
e.g.[ 1.21). In this paper we shall demonstrate that the method of the differential transform, 
when applicable, eliminates the geometrical considerations. 
After introducing the differential transform in Sec. 2 we shall employ it in Sec. 3 to solve 
the classical electrostatics problem of a point charge between two infinite conducting plates. 
This problem has previously been solved by the superposition of image sources which are 
determined by geometrical means[ 1,2]. By employing the differential transform to solve the 
problem we need not refer to the infinitely many images until they emerge of their own accord 
in the final solution. This feature is not unique to the differential transform; it can be achieved 
by various integral transforms. What makes it of ‘interest, however, is that the differential 
transform is an integral-free transform[3,4] grouped with integral transforms[5]. 
Our intention is to demonstrate one of the attractive features of the differential transform, 
thereby encouraging educators to include the differential transform in both their undergraduate 
and postgraduate curriculae. 
2. A PRESENTATION OF THE DIFFERENTIAL TRANSFORM AS A 
PROCEDURE FOR THE LAPLACE TRANSFORM INVERSION 
BY INSPECTION 
The Laplace transform L{f(lr)} of f(u) is given by 
L{f(u)} = 
I 
T f(u)e-“’ dlc. (2.1) 
0 
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Hence, by inspection, the inverse Laplace transform of the right side of Eq. (2.1) is 
= f(u). (2.2) 
Equation (2.2) presents a Laplace transform inversion by inspection. In conjunction with 
the change of variable formula, that we introduce in a convenient notation in Eq. (2.8), Eq. 
(2.2) can be written in a more interesting and powerful form[3] presented in Eq. (2.14). 
To establish a convenient notation for the change of variable formula, we consider the 
indefinite complex integral 
F(1, p*(x, y, z; 2)) dE. (2.3) 
in which the variable of integration 1, appears in the argument of the function F explicitly, and 
implicitly through the function p*. 
If ap(*/CJA # 0, one can transform the variable of integration E. in Eq. (2.3) into a new 
variable of integration p by means of the substitution 
p = P*(.G y, z; 4 (2.4) 
obtaining 
F(~*(x, Y, Z; ~0, ,d*(X, Y, Z; 14 44 (2.5) 
where 2*(x, y, z; ,B), which replaces the old variable of integration I., is a function of the new 
variable of integration ,u, and of x, y and z, and where 
X*(x, y, z; /.l) = 
dE.*(x, y9 z; pu) z o 
al 
(2.6) 
in a domain. 
The function A* is obtained by solving Eq. (2.4) for the unknown j. in terms of X, y, z 
and ~1: 
A = A*(x, y, z; p). (2.7) 
In this sense, the functions ,D* and A* are thus inverse to one another. 
The transformation from the integral (2.3) to the integral (2.5), which can be written briefly 
as 
I F(I, p*) dll = I F(l.*, ,u$* d,u, (2.8) 
is the well-known rule for changing a variable of integration, also called integration by sub- 
stitution. The convenient presentation (2.8) of the change of variable formula enables us below 
to perform an elegant Laplace transform inversion by inspection. 
Let 
@, y, z; j.Je -Vlr.~r:il (2.9) 
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be a parametric solution to a Laplace transformed linear boundary-value problem, where the 
complex parameter is i.. Due to the linearity of the problem we may generate the general 
solution. 
F(x, ),, z; )Je-““*“.‘.‘.” d)_, (2. IO) 
to the transformed linear boundary value problem by integrating the parametric solution with 
respect to the parameter over an unspecified contour of integration r in the complex 1. plane. 
The Laplace transform of a solution to the actual linear boundary-value problem may 
therefore be given by (2. IO). Hence, a solution to the actual problem is obtained by the Laplace 
transform inversion of (2.10) which we shall perform by inspection. 
By formula (2.8) for the change of variable, the integral (2.10) can be written as 
F(x, y. Z; /.*)j.*e+’ d/r, (2.1 I ) 
where r’ is the new path of integration replacing r owing to the change of the variable of 
integration. 
The path of integration I- in (2.10) has not yet been specified. If we now specify it to be 
such that its map r’ is the ray [0, m), then the integral (2.11) becomes 
F(x, y, z; ).*)j.*e-.sjl dp, (2.12) 
the inverse Laplace transform of which is found by inspection to be 
F(x, Y, Z; ),*)j.*. (2.13) 
By means of a Laplace transform inversion by inspection we have thus shown that if (2.9) 
satisfies an operational linear boundary-value problem, i.e. the Laplace tranformed problem, 
then (2.13) satisfies a corresponding actual linear boundary-value problem, i.e. the original 
problem. If, in particular, the actual problem does not involve ,u, then both (2.9) and (2.13) 
satisfy the same linear boundary-value problem, as is the case in the present article. 
The expression (2.13) is called the differential transform V of the expression (2.9), 
V{F(x, y. Z; i.)e-s~‘*‘“~~~‘~“l} = F(x, y, Z; i.*)i*, (2.14) 
a detailed account of which is presented in [4]. Clearly, the differential tranform V can only 
be applied to expressions that have the appropriate form indicated in (2.9). 
The differential tranform V simplifies and generalizes a method widely used in theoretical 
seismology, known as Cagniard’s method[6]. The basic properties of the differential transform 
operator V in (2.14) may be inferred from its relationship to the inverse Laplace transform 
operator. They are expressed in the following commutativity relations: 
a,v = va,, 
a,v = va?, 
arv = va, 
(2.15) 
and 
where a, = alax, etc. 
a,v = US, (2.16) 
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As an example, and for later convenience, we consider the expression 
$J = F(j.)e- $1 I ,,“h/ - i> iU\h, - ., 
which satisfies Laplace’s equation 
(3.17) 
(3.18) 
for an arbitrary, twice differentiable function F. 
The expression C$ of eqn (2.17) has a form suitable for the application of the differential 
transform. Its differential transform w, 
ty = U{$I} = F(P);.*, (2.19) 
satisfies Laplace’s equation (2.18) since, by means of equations (2.15) and (2.19) 
v21y = V2U{cp} = lJ{lq} = U{O} = 0, (2.20) 
where U(0) stands for U{OeeJF} of Eq. (2.14) with F identically zero. We thus see that due to 
the absence of ,D in (2. I@, the differential transform U sends a parametric solution 4. Eq. 
(2.17), of Laplace’s equation (2.18) into another parametric solution v, Eq. (2.19), of the same 
Laplace equation (2.20). The parameters in g5 and I,Y are, respectively, i and ~1. 
In the present example, Eqs. (2.17) and (2.19), we have 
,u*(x, y, z; 1) = x sinhk - iy coshi. - Z, 
/I*(x, y, z; ,u) = sinh-’ f i0, 
Xyx, y, z; p) = 
1 
V/p + (z + /g’ 
(2.21) 
where 
3 = x2 + y' (2.22) 
as fully demonstrated in [4]. 
Once a differential transform representation (2.19) is obtained, the parameter ,D involved 
has fulfilled its function and may be dispensed with by letting ,U = 0. Thus, by means of Eqs. 
(2.17), (2.19) and (2.21) we have the differential transform representation 
c&=0 = I/{$ = F(E,)e- JO ,,nhn-rucu,h;.-;I}~L=O 
= {F(l*)A*},=,, (2.23) 
in which an advanced solution wkCO of Laplace’s equation is represented as the differential 
transform of a much simpler solution C#J of the same Laplace equation. The parameter i. does 
not appear in the Laplace equation (2.18) and hence any function of i may be regarded as a 
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constant. The solution 4, eqn (2.17), is simpler than the solution vypEO, eqn (2.23), in the sense 
that 
(a) the arbitrary function F in C#J is a function of the parameter 3. and thus its arbitrariness 
is trivial while in I+v~=~ it becomes a function of the variables X, y and z and its arbitrariness is 
no longer trivial; and 
(b) the variables X, _y and z appear in r#~ as a linear combination and are thus separable 
while these variables are inseparable in w~=(~. 
Like integral representations, differential transform representations may lead to separation 
of variables and hence they are useful in solving some linear boundary-value problems. An 
application of the differential transform for solving a simple boundary-value problem of interest 
in mathematical physics is demonstrated in 171. This problem involves a single boundary and 
hence a single source image. 
In the next section we shall demonstrate an application of the differential transform rep- 
resentation (2.23) by solving a boundary-value problem which involves two parallel boundaries 
and hence infinitely many source images. This problem has already been considered in [2], 
when the source images were determined by geometrical means. It will be interesting to see 
that by employing the differential transform, the infinitely many source images emerge of their 
own accord. 
3. A POINT CHARGE BETWEEN PARALLEL CONDUCTORS 
We wish to find the potential field of a point charge Q between two infinite parallel 
grounded conducting plates. Imposing Cartesian coordinates (x, y, z) such that the plates form 
the planes z = 0 and z = d, while the point charge resides at (0, 0, c), 0 < c < d, we have 
the geometry depicted in Fig. I. 
Let us consider a source function (vu, 
tyo = f, R,. # 0, 
c 
which satisfies Laplace’s equation (2.18) where K is a constant and 
Rf = rZ + (z - c)~. 
(3.1) 
(3.2) 
The source function w. represents the electrostatic potential due to a point charge of magnitude 
K located at R, = 0 in an unbounded (x, y, z) space. The solution w involves the given source 
w. and an unknown function w, which must be added to v/O so as to satisfy boundary conditions. 
1 
/ 
/ \ z=c 
Fis. I. The geometry of the source-boundary value problem. A point charge Q at (6. x. .-) = (0. 0. c) and 
grounded conducting plates at z = 0 and ; = d. 
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We therefore consider the superposition 
w = wo + WI (3.3) 
which satisfies not only Laplace’s equation but also the boundary conditions 
Y4A y, 0) = y(x, y, d) = 0 (3.4) 
on the boundaries z = 0 and z = d. 
At this point, classical analysis continues by setting up a charge distribution to represent 
w,. We, however, shall translate the actual source-boundary value problem into a simpler 
operational boundary-value problem by means of the differential transform representation (2.23). 
Let 
C#I~ = Ke- SO smhi-t? coshi.+j:--Cl) (3.5) 
and let w. be its differential transform with ,u = 0. Then, by eqn (2.23), 
wo = Ukbo),=o = ;,, R,. Z 0, (3.6) 
‘ 
thus representing v/o = K/R,, in which the variables x, y and z are inseparable, in terms of 40, 
in which the variables x, y and z are separable. Instead of solving directly for the source function 
w. we first solve for 4. the method for which is simple and known. We shall translate the 
simple solution 4 associated with 4. into an advanced solution r,u associated with w. by applying 
the differential transform. 
v/ = wd,=o. (3.7) 
The solution C$ associated with $. is 
where 
4, = Ae- SO smhi-ty coshi+:, 
+ B~-s(+ smhi-ty coshi-3 
(3.9) 
and where A and B are determined by the boundary conditions of the operational problem. By 
eqns (2.15), (3.4) and (3.7), these boundary conditions are 
4(x, Y, 0) = 4(x, y, d) = 0. (3.10) 
The substitution of eqns (3.8) and (3.9) into eqns (3.10) thus yields a system of two equations 
for the two unknowns A and B, the solution of which is given by 
A=K 
e-5(c-2dl _ e” 
1 - eLrd ’ (3.11) 
e” - ees‘ 
B=K 
1 _ ebd ’ 
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The solution of the operational problem is therefore, by means of eqns (3.8), (3.9) and 
(3.1 l), 
(3.12) 
In order to apply the differential transform to 4, as required in eqn (3.7), we make use of 
the formal expansion 
which gives the solution C#I of eqn (3.12) as 
x 
x [e-“ll-cl + c (e-sl:+c-2rlln+ II) + &:+“+2d”‘) 
n=O 
_ 2 (e-sk-r-2dn) + esl.--~+2dn))]~ 
,I = 0 
(3.13) 
(3.14) 
In contrast to eqn (3.12), C# of eqn (3.14) has a form suitable for the application of the 
differential transform which can be applied term by term. For the termwise application of the 
differential transform to 4 of eqn (3.14) we note that, similarly to eqns (2.21), if 
,u*(x, y, z; i.) = x sinhi. - iy coshi. 5 (Z - k) (3.15) 
then 
and 
2*tx, y, z; ,u) = (9 + (p ? (z - k))2)-‘:2. 
This results in 
U{Ke- SC, mhi-,> coahl-c-k) 
(3.16) 
(3.17) 
(3.18) 
where 
R; = r’ + (z - j$, (3.19) 
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Equations (3.14) and (3.18) enable us to carry out the operation required in (3.7) by means 
of a termwise application of the differential transform. The result is 
(3.20) 
Rearranging the terms and replacing K by -Q we arrive at the well-known result 
(3.21) 
previously derived by source-image arguments in [2], Eq. (6). 
I. 
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